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On april 7, 1999 was an 80-th anniversary of
famous Georgian scientist Prof. Sh. Pkhakadze.

The third international Tbilisi symposium on
language, logic and computation will be devoted to this
date, which is organized by the Thilisi State University
centre “language, logic and speech”.

These papers are also devoted to this date,

where very briefly is related about Sh. Pkhakadze's
family, life and scientific activities. e
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Instead of Preface

ooklet is dedicated to the memory of Professor Shalva
an Honoured Scientist of Georgia. He was bom in the
Zeda Sakara of Zestafoni region in the family of
adze and Nino Putkaradze.

es him four morc children grew up in the Pkhakadze
ster Tamar and brothers Mikheil, Vasil and Petre. All
¢ to their professional and not only professional
same respected and highly rated public figures.
Pkhakadze was an Honoured Geologist of Georgia.
-a medicinal spring in the Terjola region and was
its healing qualities. The spring now is known as
g

| Pkhakadze, an Honoured Physician of Georgia, a
el, a medical officer who participated in the Second
and was decorated by several orders, still devotes all
» the cause of care of public health.

'khakadze, also an Honoured Physician of Georgia
of a number of scientific publications, during years
bkhazia. There, due to his particularly responsive
high professionalism he acquired many friends who are
ting his memory. Among his publications an
ork on hypertonia is to be noted wherein many
ited to the topic are deeply investigated.

khakadze, an Honoured Meliorator of Georgia was
1¢ secretary of the Melioration Institute and of the
I Academy of Georgia. He was the author of a number
scientific works. His doctoral thesis was dedicated to
nt problem of the drainage and utilization of Kolkheti
en speaking of Petre Pkhakadze, one should not fail
‘he was a brilliant tamada - a leader of Georgian table-
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party. He was brought up according to Georgian traditions and
this feature of his personality showed itself in everything he did.

One could say much more about each of them since their
merits are not limited to the above dry facts, but probably the
merits of Samson and Nino Pkhakadze are more to be stressed.
The cult of industry prevailed in their family, and following their
own thorough and pure nature, they brought up their children with
belief in faithfulness, kindness and love.

A brief biographical review of Prof. Sh.Pkhakadze’s life

Shalva Phkhakadze was born on April 7, 1919 in the village
of Zeda Sakara of the Zestafoni region of Georgia. He finished
with honours the primary school of Zeda Sakara (1930), the
Zestafoni secondary school (1933), and the Zestafoni pedagogical
college (1936). In 1941 he graduated from the Department of
Physics and Mathematics of Tbilisi State University. The
supervisor of his diploma work was Academician G. Chogoshvili.

In 1942-1952 he worked as a teacher of mathematics at
various secondary schools of Zestafoni region . Simultaneously he
was a methodist of Zestafoni Regional Department of Education
and the leader of mathematical section of schoolteachers of the
region,

In 1949, under the guidance of Professor V. Chelidze, Sh.
Phkhakadze began intensive investigations in the set theory and
the theory of integral, and a year later he began research in the
measure theory. On January 1952 he delivered a report at the
seminar of the Department of Function Theory of A. Razmadze
Mathematical Institute of the Georgian Academy of Sciences . In
the report he presented the obtained results, described the
direction of his research and set up a series of interesting scientific
problems in the theory of the Lebesgue measure. At the same
session of the seminar he accepted the advice of Prof. V. Chelidze
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as a candidate dissertation a part of his results
the validity of the Fubini theorem on the change of the
order in iterate integrals of characteristic functions of

result of the above mentioned report, in the same vyear
-to work at A. Razmadze Mathematical Institute as
archer. Filling this position (from 29 1T 1952), during
od he passed the candidate exams and wrote a
ssertation which he defended on June 30, 1953.

ber 1953 Sh. Phkhakadze deiivered several reports at
thematical Institute at the seminar of Academician
. In those reports he described the direction of his
detail, formulated main problems of this direction and
btained results. The positive opinion of the
f the seminar and of the Academician P.S. Novikov
his belief in his forces, so he continued fruitful
-in the chosen direction.

ember 1955 he filled the position of Senior
d in June 1957 he was given the academic status of
cher in the speciality "Theory of functions of a real

6 Sh. Phkhakadze prepared the doctoral dissertation
ng the theory of the Lebesgue measure” which he

sor was conferred on him.

at that stage of development of mathematics and
cory the need of specialists in mathematical logic had
mereased, Sh. Phkhakadze considered as his duty to
his forces to developing mathematical logic in Georgia.
1o study mathematical logic in 1966, he delivered
d special courses in mathematical logic. Due to an
port of the management of the Institute of Applied
ics of The Tbilisi State University, in 1969 Sh.
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Phkhakadze founded the Department of Mathematical Logic and
Algorithms Theory which was the first research unit of this kind
in Georgia. Here also, overcoming difficulties connected with the
change of the area of investigations, Sh. Phkhakadze created a
new direction in mathematical logic. At present in the above
mentioned department a fruitful scientific research is being
carried out mainly in the direction developed by Sh. Phkhakadze.

The results of the monograph of Sh. Phkhakadze "Some
problems of the notation theory”, as well as the results of his
pupils were included as reporis at the ali-union symposium
"Artificial intellect and automation of research in mathematics”
{Kiev, 1978) and at the conference in memoriam of Gotilieb Frege
(Jena, Germany, 1979). The interest which was raised by these
reports contributed to further development of scientific contacts.

Prof. Sh. Phkhakadze successfully combined intensive
scientific research with pedagogical work. For more than 10 years
he worked at the Georgian Polytechnical Institute as a Professor
of the chair of higher mathematics. From 1962 he delivered
lectures and special courses for students of the Department of
Mechanics and Mathematics of The Tbilisi State University. He
also supervised post graduate students.

Sh. Phkhakadze was a member of various scientific
councils, among them of special councils for considering
candidate and doctoral dissertations. He was a member of the
Georgian Scientific Council for Problems of Mechanics and
Mathematics, a member of its Methodic Section and the head of
the Section of Mathematical Logic. He was a member of the
council of guardians of the Komarov (at present Gegelia) Physico-
Mathematical boarding school, systematically helping the teachers
of mathematics to overcome difficulties connected with passing to
the new program.

For long and fruitful scientific, pedagogical and social

activities Sh. Phkhakadze was awarded the title of Honoured
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»f Georgia. In 1979 by the order of the Rector of The
e University he was awarded the Ivane Javakhishvili

A brief review of Prof. Sh. Pkhakadze’s life

first series of works of Professor Shalva Pkhakadze is
the theory of integral. The results of these works are
ded in the paper "On iterate integrals" (Proceedings
‘Mathematical Institute, V. 20) which is a short
of his Candidate dissertation. Therein the problem on
f the Fubini theorem on the change of the integration
died for iterated integrals of the characteristic functions
¢ intersections with lines parailel to coordinate axes
easurable sets. Using a rather complicated argument,
obtains the following results: if the above mentioned
to the zero Borel class, then for the corresponding
ic functions the Fubini theorem is valid. This result is
sense. Namely, by means of an appropriate example it is
1in the case where the intersections belong to the first
then the Fubini theorem, in general, is not valid.

ther series of the works is dedicated to the general set
the measure theory. A part of these works is included
toral dissertation " the theory of Lebesgue measure”
gs of Thilisi Mathematical Institute, V. 25, PP. 3-271)
-become a classical monograph in the theory of
ieasures. It involves practically all results obtained
1e author in this direction. The paper is a fundamental
the theory of Lebesgue type measures. Therein a most
notion - the notion of an absolutely null set is
d. This notion is a basis of all the dissertation as well as
esearch work carried on later by his followers.

33



It must be noted that the introduction of this productive
notion required a deep investigation. The idea of introducing the
notion of such sets of the euclidean space R" which may be
neglected in the sense of measure, has occurred to several authors,
for instance, the notion of a set of unconditional zero measure and
others. However, they did not turn out to be productive and did
not play any significant role in the development of the measure
theory. Unlike other authors, in defining absolutely null sets, Sh.
Pkhakadze impose restrictions not only on the set A under
consideration, but also on any set which "paturally” has to be
absolutely null along with A. Namely, he investigated 4 versions
of the notion of absolutely null set and showed the unproductivity
of the first three of them. According to the first version, the
restrictions "is of zero measure" and "is not of positive measure"
are imposed only on the set AcR" under consideration,
according to the second version - on any subset of A, according to
the third and fourth versions, on any finite and countable,
respectively, configuration of A (A set A’ is said to be a finite,
respectively countable, configuration of A, if it can be represented
as a union of a finite, respectively countable, number of sets
congruent to a subset of A). It is proved that in the case of the first
three versions the union of two absolutely null sets can coincide
with all the space.

In the case of the fourth version (which Sh. Pkhahadze
adopted as a final definition), absolutely null sets have a series of
important properties. The class of these sets is closed with respect
to finite union and is not closed with respect to countable union.
Both facts play an important role while finding various extensions
of Lebesgue type measures thus making it possible to solve
Sierpinski's problems on extendability of solvable classes and
extendability of Lebesgue type measures. The last problem is
solved by Sh. Pkhakadze on the ground of a most probable
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namely the hypothesis that there is no unattainable
nber less or equal to the continuum.

Ykhakadze discovered a series of important properties of
null sets formulated as necessary and sufficient
Each of these conditions can be taken as a basis for
> notion of an absolutely null set. Two of those
can be formulated as follows.

“For a set Ac R" 1o be absolutely null, it is
y and sufficient that any countable configuration of A
ng (aset X< R" is said to be vanishing if there is a
» Lebesgue measure which can be represented as

each X is congruent to X)

or a set AcR" to be absolutely null, 1t is
and sufficient that for any Lebesgue type measure
sts its extension p; with pi(A)=0.

basis of the property 1), Sh. Pkhakadze constructed a
e absolutely null set in R" for n = 1,2. In this
“he poses the problem on existence of a
ble absolutely null set in R® for n = 3.4, .... This
was solved by A. Kharazishvili on the basis of the same

iper under consideration, Sh. Pkhakadze poses also
t problems. His followers have been working
ully on these problems. For instance, M. Tetruashvili
d* his results for topological groups, and A.
li along with the above mentioned problem solved
nes (see the Problems II (page 82), I1I (page 82) and

main item of the paper under consideration is the
1 of powerful methods for finding the lebesgue
extensions with various propertics. However, the results
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in the general set theory obtained using the methods elaborated in
the paper are also of major interest. Results of Sierpinski on the
existence of a set of almost invariant zero measure and of a set of
the first category are essentially generalized (see (6.23)). Some
important examples are constructed (see (6.7), (6.11)) and general
covering theorems are proved (see (6.14), (6.15), (6.16), (6.17),
(6.18), (6.19), (6.20), (6.21)). Besides, the notion of (almost)
completely asymmetric set is introduced and a decomposition of
the space as a union of completely asymmetric and almost I1,-
invariant sets is found (see (6.36)). On the basis of these facts,
results of P. Erdos on the number of solutions of some linear
equations in R" are essentially generalized (see (6.40), (6.41),
(6.42), (6.43)). Some other significant results are also obtained
among which the theorem (6.33) is of a particular interest.

The second part of the second series of works consists of 8
papers. Therein Sh. Pkhakadze continues research in the same
direction and obtains deep results. One should especially note
those of the paper "A general method of construction”
(Proceedings of Thilisi Mathematical Institute, 1969, V.29, 103-
119). Therein a general method is elaborated for effective
construction of such subgroups of the Abelian group of real
numbers which have null measure and a continual set of
symmetric residue classes. This method enables one to construct
an infinite quantity of individual instances of such subgroups. It is
proved that the cardinal number of the set of such subgroups is 2*.
Moreover, it is shown that each of such subgroups has a quite
paradoxical property - the set obtained from it by two-times
contraction can be decomposed into the continual quantity of sets
congruent to it. There arises a natural question on the place of
such sets among effective sets constructed by Lusin's school.
Namely, it is very interesting to find out whether some of them lay
out of the class of projective sets. The following opinion of the
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in P.S. Novikov gives a better idea about the results of

the theory of the Lebesgue measure there arose a series
among which the main one is the problem posed by
on existence for any extension of the Lebesgue
“another extension which would be an extension of the
the measure theory the problem of extension is of the
tal ones and it naturally have been arising a great
owever, there was a little progress towards solution of
probiems on extension of the Lebesgue measure. As a
fact, only separate examples of such extensions were
The dissertation under consideration is a substantial
tep in the theory, and morcover, I would say that it took
away from the dead point. The numerous results of the
‘be divided into the following groups.
. Finding of general methods of extension of the
measure and of extension of solvable classes of sets.
Generalizations of the measure in the sense that the
‘requirements of invariance are replaced by the
ment of preservation of the measure under one-to-one
rmations of the space forming a group.
. Investigation of the structure of the measure by its
mposition into a sum of measures and establishing of a
cal decomposition.

. Application of the methods developed by the author
_"hiems lying outside of the measure theory.
e first circle of the named results forms a rather general
of extension of the Lebesgue measure. In these
tions the author introduces a series of important notions
of absolutely null set, of a proper almost invariant set etc.
ns of some of these notions can be found in works of
uthors. In the dissertation, however, they are developed
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at the full extent, they are systematically studied, and there is no
doubt that in the future they will be repeatedly used.

The theory of measure extension created in the dissertation
would remain incomplete if therein there would be no progress in
the direction of solving of the above mentioned problems. The
central one is the problem of Sierpinski on existence of a
nonextendable measure. In the dissertation the following answer
is given to this problem: every 3"-measure is extendable if there
is no unattainable cardinal number which would be less than
coniinuum,”

Analyzing this answer, P.S.Novikov further writes: ", |
tiunk that the probiem of Sierpinski is soived fuily enough.

The author shows that if one adds to the axioms of the 3" -
measure any of two quitc natural axioms (A) and (B), then for
such measures the problem of Sierpinski is solved completely
without additional hypotheses. Likewise, without any additional
hypothesis can be proved the extendability of any solvable class."

Finally P.S. Novikov writes: “... The work under
consideration is a substantial advance in one of the important
areas of the set theory. Therein powerfull methods are created
which made possible to overcome serious difficulties. In my
opinion, this work is a very good doctoral dissertation.”

The official opponent professor A.A. Lyapunov writes in
his review: "The work is a bright event in the set theory."

Professor V.A. Rokhlin in his review (RZh Mat., 1960,
11456) on the paper writes: " The work is a fundamental research
dedicated to the investigation of invariant extensions of the
Lebesgue measure. It is known that such continuations exist, but
up to now this knowledge was very scarce and consisted mainly of
separate examples. The author has managed to prove a series of
structural theorems on them.”
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basic results of the next series of works of Sh.
e are mainly set forth in the monograph "Some
in the notation theory" (Tbilisi University Press, 1977).
es for definition of contracted symbols are introduced
. The monograph is in mathematical logic; however, it
to the above considered one by the fact that from the
ning a particular attention is payed to the development
ental concepts. In this particular case this peculiarity
gations of Sh. Phkhakadze is clearly expressed.

conceptual aspect of the work is (o be particuiarly

development of the formal mathematics has led us to
discoveries and results. They belong not only to the
ons of mathematics but also to its special fields. At the
orary stage of the development of mathematics it is
‘to obtain such results without using methods of formal
s. Therefore for development of the whole
it is most important to master the methods of the
thematics. In spite of this, the majority of fields of
¢s is developing on the intensional level. This is due to
that it is difficult to master the methods of the formal
cs since valuable expositions of formal mathematical
are not available, To improve the cxisting expositions,
entific research is needed.

of the essential peculiarities of formal mathematical
is the limitation of the alphabet of the theory and its
nto minimum. This makes the class of the propositions of
available for the examination as a whole, the concept of
~can be defined exactly, a series of mathematical
«can be formulated clearly and their solving is facilitated.
mathematical theories which are developing intensionally
uenced by methods of formal mathematical theories, they

their alphabet to minimum and associate formal
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mathematical concepts to the intuitive ones. For instance, the
concept of algorithm and related concepts are introduced in such a
way.

Although the limitation of the alphabet of the theory is very
advantageous theoretically, it causes substantial difficulties.
Namely, one has to introduce extremely long forms (formulas and
terms), and it is practically impossible to write them down and
perceive their meaning. To get over these difficulties, contracted
symbols are introduced.

I the case of a rather rich theory {as the set theory), the
rules of definition of contracted symbols are just slightly restricted
or arc not restricted at all so that it is impossible to establish
general properties of abridging symbols and abridged forms.
Because of this the principle is adopted according to which a
abridged form is considered as the form it denotes. But the
complete realization of this principle is impossible due to the
above mentioned difficulties.

This implies the necessity of changing of the above
principle and adopting of one which would make possible to draw
conclusions about forms operating directly on their abbreviations.
This, in its turn, gives rise to the need for general rules of
operations on abridged forms. To this aim, it is necessary to
establish general propertics of abridging symbols and abridged
formulas by restricting their intuitional concepts by exact
mathematical notions, i.e. by defining the notion of the abridging
symbol on the basis of restriction of the rules of their introduction.
Moreover, a rational solution of the problem is needed.

In the considered work a rather rational system of definition
rules is found for contracted(abridging) symbols in the cases of
classical formal and intensional mathematical theories. By the
rationality of a system of rules is meant the fact that, on the one
hand, it is so general that by its aid almost all symbols used in
classical formal theories can be derived, and on the other hand,
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Is introduced according to these rules possess properties
igh to ensure a considerable liberty in operating on
orms. Namely, by means of contracted symbols
lical arguments can be transferred into the enlarged
ing natural general laws.
construction of a mathematical theory (formal or
) with a limited alphabet and rational (in the above
es of introducing of contracted symbols is of a great
~and practical importance. It makes possible to study
theory using effectively its various extensions obtained
g contracted symbols; it reveals deep connections
vatious mathematical theories. it is practically necessary
tomation of mathematical research and the creation of
stems processing mathematical texts.
oreover, in the work algoritmic processes of
ion of the form by its abbreviation are studied. In a
y introduced class of algorithms, an algorithm is

forms are also studied and algorithms are found for
aluation. It should be especially noted that a carefully
out system of terms and concepts is used. Namely, there
duced various types of abridging symbols and abridged
arious reconstructing processes, various types of
tions of definition of abridging symbols, various types of
cases of abridging symbols, etc.
1s clear from the above said that the monograph of Prof.
hkhakadze is a significant gain in mathematical logic and a
research in this field. It deals with the foundations of
atics and has a great theoretical and practical value. It can
essfully used while writing monographs in those fields of
and unformal mathematics which use a limited alphabet,
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namely, abridging symbols of the types I-IV, II' and IV’ are to be
used. For them important properties are established facilitating to
carry out mathematical reasoning and making possible to change
intuitive arguments by exact ones.

The further study of the problems dealt within the
monograph in the direction indicated by the author is of great
importance.

It should be especially noted that a well formulated
independent theory -- the notation theory is being created on the
basis of the obtained resuits. This theory has existed as a part of
the more general theory -- the theory of definitions.

Finally note that the resulis of the monograph arise the
interest not only of theoreticians, but also of specialists of the
applied mathematics working in the theory of automata. Presently
an intensive work is being carried out aiming the automation of
mathematical research, the creation of automatic systems for
processing mathematical texts. There exist rather convincing
reasons according to which mathematical texts of only those
mathematical theories can be processed by the aid of automatic
systems which use a restricted alphabet and are created on the
basis of the well developed notation theory.

Sh. Phkhakadze further continues research for developing
his theory of contracted symbols. Here the work "Some problems
of the theory of contracted symbols" (Proceedings of 1. Vekua
Institute of Applied Mathematics of Tbilisi State University, v.11,
1982) is to be mentioned. Therein problems are formulated and
perspective directions are indicated in the theory of abridging
symbols.

To illustrate better the results of this work, we quote well
known Russian scientists.

V.M. Matrosov. "From our point of view, the representation
of knowledge and the economy of "thinking" of a computer (in
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ar, a hierarchical organization of concepts and theories
data structure of a computer and processing of
atical texts) needs the application of results of the
theory. In the monograph of Sh. Phkhakadze the first
- given of systematic development of the named theory.
s in languages of rather general lype without concretizing
and derivation rules are considered and restrictions are
on the rules of introducing of contracted symbols. This
‘possible to operate on contracted forms instead of
jons they denote. General properiies of abridged forms
Jied and operations on them are defined. The rules of
mg of abridging syimbols are chosen so thai rather good
s of abridged forms be obtained guaranteeing the
orphism of the algebra of operations on abridged forms
algebra of operations on initial expressions of object
. A system of rules is found for classical formal and
. mathematical theories which are rational from the
of view of generality and the above mentioned
’phiSm.ll

1._Yanov. "Although abridging notation has been
1y used in constructing mathemaical theories, a
ic study of problems arising in this connection was first
in the named work of Sh. Phkhakadze. Therein a theoretical
as laid down for introducing and using abridging notation
ematical theories. The actuality of this problem is due to
{ that development and exposition of any, even rather
mathematical theory is practically impossible without
ng additional symbols, axioms and definitions playing a
" abridging notation. In this connection a series of
t problems arises such as the problem on
ativeness of the extension, i.e. whether the set of theorems
an be formulated in the language of the original theory

ains unchanged, the problem of relation between properties of
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abridged and unabridged notation, etc. The work of Sh.
Phkhakadze, by means of a certain classification of abridging
notation, makes it possible to obtain rather simply answers to
similar problems. The basic ideas of the work were further
developed in the works of the pupils of Sh. Phkhakadze. As a
concrete application, the works in this direction may be used in
problems of constructing an artificial intellect."

O.B. Lupanov. "Professor Sh. Phkhakadze is a leading
specialist in mathematical logic and set theory. During last fifteen
years, he has been developing an imporiant direction in
mathematical logic connected with the notation theory. This
direction formalizes the procedure of using abridging notation
and is essential in constructing artificial mathematical languages,
in problems of automated deriving of theorems, etc. "

S.V. Yablonskii . "Prof Sh. S. Phkhakadze is a leading
specialist in mathematical logic. He is developing an original
direction related to the theory of formal systems. In constructing
theories we usually start from a limited alphabet and therefore we
have to use abridged notation not contained within the Jframework
of the theory. Prof. Pkhakadze gives a common approach to
operations with contracted symbols, this is of great importance for
constructing mathematical theory within mathematical logic.”

S.M. Nikolskii. "The monograph not only opens an actual
direction, but also contains large possibilities in the area of
automated processing of mathematical texts.”

An especial interest was arisen by the talk of Sh.
Phkhakadze at the VI All-Union Conference of Logicians where
he criticized the Church thesis. The results in this direction are
mainly contained in the work " An example of an intuitively
calculable everywhere defined function and Church thesis”
(Thilisi University Press, 1984). In connection of this work it
should be noted the following:
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the work the very important and fundamental problem on
idity of the Church thesis is considered. This thesis can be
ted as follows: any intuitionally calculable function is
ve (or: the class of intuitively calculable functions
es with the class of recursive functions). The functions of
N"->N are meant here where N is the set of natural
rs. Some reasons in favor of the Church thesis are known
basis of which almost all logicians think that the thesis is
the basis of the Church thesis many very strong resulls
ed on unsolvability of algorithmic problems unporiani
theory and practice (for instance, by means of the thesis a
important theoretical result is proved on essential
npleteness of the formal arithmetics). Therefore the
on of the Church thesis would have a great theoretical and
il value since the existing belief in its validity practically
 any further research of such problems.

In the named work the author, using an original method
by himself the "complex diagonal method", constructs an
vely calculable everywhere defined function f and studies
perties. On the basis of these properties, the author, as a
thesis, expresses his full belief that, contrary to the Church
the function [ is not recursive.

At the contemporary stage of development of mathematical
and algorithm theory, a claim against the Church thesis can
sidered as a purely speculative act. The point is that almost
logician considers as a doubtless fact that it is impossible to
the Church thesis. Therefore there is no risk in proposing
ypothesis on invalidity of the Church thesis. In the case of
thor's hypothesis, the situation is completely different. It is
audacious and risky to propose the hypothesis that a concrete
vely calculable function f is not recursive. The point is that
of the reasons in favor of the Church thesis reads as follows:
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for any intuitively calculable function constructed up to now the
proof of its recursiveness was easily found, and the belief that it
will be so in the future is so strong that many authors don’t
consider as necessary to seek for the proof of recursiveness of a
concrete intuitively calculable function thinking that if needed this
will be done without any difficulty. Note also that there were
attempts to prove the recursiveness of the function and thereby the
invalidity of Sh. Phkhakadze's hypothesis (1986)

But these attempts did not succeed. The properties of the
function f give all the grounds to believe that the prove will not
appear in the future as well, so it can be expected that in the future
the significance of the work wili considerably increase.

In the work other hypothesis contradicting the Church thesis
arc also formulated. For one of them it is proved that it cannot be
rejected in the sense that its negation implies the Church thesis
which, in the opinion of almost all logicians, can not be proved.
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